ABSTRACT Secondary CMB anisotropies and polarization provide a laboratory to study structure formation in the reionized epoch. We consider the kinetic Sunyaev-Zel'dovich effect from mildly nonlinear large-scale structure and show that it is a natural extension of the perturbative Vishniac effect. If the gas traces the dark matter to overdensities of order 10, as expected from simulations, this effect is at least comparable to the Vishniac effect at arcminute scales. On smaller scales, it may be used to study the thermal historydependent clustering of the gas. Polarization is generated through Thomson scattering of primordial quadrupole anisotropies, kinetic (second order Doppler) quadrupole anisotropies and intrinsic scattering quadrupole anisotropies. Small scale polarization results from the density and ionization modulation of these sources. These effects generically produce comparable E and B-parity polarization, but of negligible amplitude (10 −3 − 10 −2 µK) in adiabatic CDM models. However, the primordial and kinetic quadrupoles are observationally comparable today so that a null detection of B-polarization would set constraints on the evolution and coherence of the velocity field. Conversely, a detection of a cosmological B-polarization even at large angles does not necessarily imply the presence of gravity waves or vorticity. For these calculations, we develop an all-sky generalization of the Limber equation that allows for an arbitrary local angular dependence of the source for both scalar and symmetric trace-free tensor fields on the sky.
INTRODUCTION
With the rapid improvement in the sensitivity of cosmic microwave background (CMB) experiments in recent years, it becomes increasingly important to address small contributions to the anisotropy and polarization at the µK level and below. While the primary anisotropies and polarization from the epoch of recombination are thought to be understood at this level theoretically, secondary anisotropies from reionization are not. In this work, we revisit the generation of these secondary anisotropies, uncovering a potentially important contribution from the nonlinear regime, and explicitly calculate the small secondary polarization signal. We consider only those contributions from reionization that are true, frequency-independent, temperature distortions. Isolating these contributions observationally from potentially larger but frequency-dependent foregrounds will be a great challenge but one that lies beyond the scope of this paper (see e.g. Bouchet & Gispert 1999; Tegmark et al. 1999) .
Even the epoch of reionization itself cannot be accurately predicted in the context of an otherwise precisely defined theory of structure formation. The efficiency with which ionizing photons are produced and escape from the first baryonic objects in the universe will likely remain uncertain even with substantial advances in numerical simulations (see e.g. Abel et al. 1998 ). In the adiabatic cold dark matter (CDM) class of models, reionization is expected to occur in the range 8 ∼ < z i ∼ < 20 but with large uncertainties (see e.g. Haiman & Knox 1999 for a recent review). Observationally, reionization must be essentially complete by z ∼ 5 due to the absence of the GunnPeterson effect in quasar absorption spectra (Gunn & Peterson 1965) . For models with a roughly scale-invariant spectrum of initial fluctuations, detections of degree-scale anisotropies imply optically thin conditions or z i ∼ < 50 (Griffiths et al. 1999) . The large angle polarization of the CMB can in principle yield precise constraints on the reionization epoch but has not been detected to date.
Even if reionization took place around z = 5, secondary anisotropies from the Vishniac (1987) effect should produce µK anisotropies in the arcminute regime (Hu & White 1996) . The reason is that this is a second order effect whose amplitude per logarithmic interval in (1 + z) is constant, i.e. the contributions from below z = 5 are similar in magnitude to those in the range 5 < z ∼ < 30. In the optically thin adiabatic CDM models, at least ∼ 1/2 of the Vishniac effect comes from redshifts z ∼ < 5. Given these rather low redshifts of formation, it is interesting to consider whether nonlinear effects can further enhance the anisotropy. After developing general techniques for calculating secondary anisotropies and polarization in §2, we consider contributions from the kinetic Sunyaev-Zel'dovich effect from large scale structure in the mildly nonlinear regime in §3, and show that it is the natural nonlinear extension of the Vishniac effect. On small scales, both arise from the density modulation of the Doppler effect from large-scale bulk flows.
We then turn to secondary polarization. Back-of-theenvelope estimates in these optically thin conditions immediately place the secondary polarization signal orders of magnitude below the secondary anisotropies, except for the well-studied large-angle polarization from reionization. Nevertheless given the great potential of precision polarization measurements for studying gravity waves (Kamionkowski et al. 1997; Zaldarriaga & Seljak 1997) , an explicit calculation is of interest. In §4, we treat the polarization that results from second-order Doppler shifts due to bulk flows and separate the contributions in the two parity modes. This calculation may also be of interest to studies of CMB polarization in galaxy clusters. In §5, we consider the analogue of the Vishniac effect for po-1 larization: the density modulation of the kinetic and primordial polarization sources as well as the generation of polarization through rescattering of Vishniac temperature anisotropies. Finally in §6 we show that the same relationship between anisotropies and polarization for densitymodulated signals holds for ionization-fraction modulated signals, as relevant for the brief epoch of inhomogeneous ionization expected at the onset of reionization.
The basis for all of these calculations is presented in the Appendix. There we generalize the Limber (1954) approximation for sources with arbitrary local angular dependence and fields on the sky that are either scalar or tensor in nature. These formulae also extend the flat sky Limber approach to the full sky and may be useful in other cosmological studies.
GENERAL CONSIDERATIONS
We review the relevant properties and parameters of the adiabatic CDM scenario for structure formation in §2.1. In §2.2 and §2.3, we discuss the general principles involved in calculating secondary CMB anisotropies and polarization based on formalism developed in the Appendix.
Adiabatic CDM Model
We work in the context of the adiabatic cold dark matter (CDM) family of models where structure forms through the gravitational instability of the CDM in a background Friedmann-Robertson-Walker metric. In units of the critical density 3H Here δ H is the amplitude of present-day density fluctuations at the Hubble scale; we adopt the COBE normalization for δ H (Bunn & White 1997) . G(z) is the growth rate of linear density perturbations δ(z) = G(z)δ(0). Expressions and approximations for this growth function can be found in the literature (e.g. Peebles 1980; Caroll et al. 1992) and when the energy density in radiation can be neglected
For the matter dominated regime where
−1 and A = const. Likewise, the continuity equation relates the density and velocity power spectra
For this type of fluctuation spectra and growth rate, reionization of the universe is expected to occur rather late z i ∼ < 50 such that the reionized media is optically thin to Thomson scattering of CMB photons τ ∼ < 1. The probability of last scattering within dD of D (the visibility function) is
Here dots represent derivatives with respect to D, X is the ionization fraction, and
is the optical depth to Thomson scattering to the Hubble distance today, assuming full hydrogen ionization, where Y p is the primordial helium fraction. Note that the ionization fraction can exceed unity:
We assume that X = 1 in the reionized epoch such that and ionization (X) modulated scattering following Fig. 1 . For the kinematic quadrupole, the homogeneous and density modulated signals are shown; the ionization modulated and intrinsic quadrupole signals falls below this range. Note that the B-parity polarization induced by gravitational lensing is much larger than any of these secondary B signals.
for Ω Λ = 0 and
for Ω K = 0. Although we maintain generality in all derivations, we illustrate our results with a ΛCDM model. The parameters for this model are Ω c = 0.30, Ω b = 0.05, Ω Λ = 0.65, h = 0.65, Y p = 0.24, n = 1, and δ H = 4.2 × 10 −5 . This model has mass fluctuations on the 8h Mpc −1 scale in accord with the abundance of galaxy clusters σ 8 = 0.86. A reasonable value here is important since many of the effects discussed below are nonlinearly dependent on the amplitude of mass fluctuations at or below this scale. We consider reionization redshifts in the range 5 ∼ < z i ∼ < 30 or 0.025 ∼ < τ ∼ < 0.3. For reference, the primary anisotropies and polarization for a model with τ = 0.1 (z i = 13) is shown in Figs. 1 and 2 respectively 2.2. Secondary Anisotropies
The motion of the scatterers imprints a temperature fluctuation on the CMB through the Doppler effect
wheren is the direction on the sky, and v b is the velocity field of the baryons and is evaluated along the line of sight x = Dn. Let us first consider the case where the visibility g is dependent on time only. The sourcen · v b is a field that depends both on direction and on spatial position. It is useful to decompose the Fourier transform of the velocity field into a scalar and two vector (vorticity) modes
such thatn
where e 3 k . As shown in the Appendix, the angular power spectrum resulting from the weighted projection of a source with a local dipolar angular dependence is (see
for ℓ ≫ 1. The power per logarithmic interval in the velocity field ∆
is evaluated at the wavenumber that projects onto the angular scale ℓ at D,
The implicit assumption here is that the visibility-weighted
is slowly-varying across a wavelength of the perturbation. We will often use the power per logarithmic interval in µK 2 or nK 2 = (10
where T CMB = 2.728 × 10 6 µK. The rule of thumb for ∆T 2 ℓ is that it is of order the logarithmic power spectrum of the source (at cosmological distances D A ∼ 1) divided by the multipole ℓ. This factor of ℓ comes from the loss of modes parallel to the line of sight due to crest-trough cancellation of the contributions.
Notice however that the m = 0 potential flow component drops out of the final expression and violates this rule. In a potential flow waves perpendicular to the line of sight lack a velocity component parallel to the line of sight; consequently there is no Doppler effect to leading order (Kaiser 1984) . Ostriker & Vishniac (1986) pointed out that the same is not true for vortical flows since waves that run perpendicular to the line of sight have velocities parallel to the line of sight. Since flows in the linear regime are potential, the leading order Doppler effect is nonlinear in the perturbations at small scale.
It is not necessary for the flows themselves to possess vorticity. Since it is the visibility-weighted velocity field gv b that is the real source, spatial modulations in the visibility create an effective velocity field
which can be used in place of v b in equation (17). Spatial variations in the free electron density modulate the visibility and themselves may be caused by fluctuations in the net baryon density (see §3) or the ionization fraction (see §6).
Secondary Polarization
Thomson scattering of radiation with a quadrupole anisotropy
generates linear polarization in the CMB. In terms of the Stokes q and u parameters
where Q (m) are the 5 quadrupole moments of the temperature fluctuation 1 and ±2 Y m ℓ are the spin-2 spherical harmonics (Goldberg et al. 1967) .
Some subtleties arises when defining the Fourier transform of the quadrupole source since the orientation of the coordinate system enters into its definition. It is convenient to chose the reference frame so thatê 3 k, and this choice will be understood unless otherwise specified. The consequence is an ambiguity in combining contributions from different k-modes but these can be removed by defining the coordinate independent components of the polarization (Zaldarriaga & Seljak 1997; Kamionkowski et al. 1997) ,
Since polarization is a spin-2 field and its source has a local quadrupole angular dependence, its power spectrum is given by equation (A18) with s = ±2 and j = 2. The power spectra of the E and B parity states are then
again evaluated with the projection equation (18) and a slowly-varying source. We define the logarithmic power spectrum of the polarization in the same way as for the anisotropies (see equation [19] ). It is likewise down by a factor of ℓ from the power spectrum of the source except when the angular dependence of the source reduces it further as in the case of B-parity polarization from m = 0, ±2 and E-parity polarization from m = ±1.
As pointed out by Kaiser (1984) and examined quantitatively by Efstathiou (1988) , the polarization, even more than the temperature anisotropy, is suppressed by cancellation at small scales. The reason is simply that the source of the polarization is the temperature anisotropy (quadrupole moment) and thus both the source and its contributions along the line of sight are suppressed.
The dominant source at small angles is again the visibility modulation of the large scale quadrupole anisotropy
We will consider quadrupole sources Q (m) in §4, the effect of density modulation in §5, and that of ionization modulation in §6.
DENSITY-MODULATED ANISOTROPIES
In this section we consider the temperature anisotropies that arise from the modulation of the Doppler effect due to density inhomogeneities. We begin with a review of the second-order effect from linear density fluctuations ( §3.1) and then generalize the calculation to include small-scale nonlinearities in the density field ( §3.2).
Linear Fluctuations: Vishniac Effect
Spatial variations in the opacity due to density perturbations in the baryons modulates the visibility: δg/g = δ b . When δ b is in the linear regime, the result is called the Vishniac (1987) effect. In this section, we rederive the Vishniac effect in a manner that will make its nonlinear generalization obvious.
The Fourier transform of v g is a convolution of the linear velocity and density fields,
where here and througout
The two vortical components to the velocity field are given by the projections (see equation [15] )
in the basis where e 3 k. We have assumed that the underlying velocity field is a potential flow
The power spectrum then becomes
and likewise for the m = −1 component. The two contributions are from the velocity-velocity, density-density power spectra
and the velocity-density cross correlation power spectra
where we have used the relation
Substituting equation (29) and (17) after reexpressing the velocity power spectrum with the density power spectrum using equation (9), we obtain
where we have used the fact that m = ±1 contributes equally. The mode coupling integral is
Here and throughout
The form of the mode coupling integral in equation (34) is 1/2 that of Vishniac (1987) equation (2.13), which resolves the apparent discrepancy with Dodelson & Jubas (1995) raised by Jaffe & Kamionkowski (1998) . As pointed out by Dodelson & Jubas (1995) , this form is easier to evaluate numerically. Additionally, for our purposes, it better brings out the small-scale limit.
For wavelengths that are much smaller than the coherence scale of the velocity field, these expressions simplify considerably. The density-velocity cross correlation (31) vanishes and the remaining term (30) can be evaluated under the approximation
where we have used the orthogonality of spherical harmon- Note that v 2 rms is still a function of D. Equation (38) has a simple interpretation. At small scales, the effect arises from a density modulation of a uniform bulk velocity from larger scales whose rms in each component is 1/3 of the total.
Substituting the velocity power spectrum relation (36) into equation (29) yields
This equation may alternately be derived from equation (33) in the limit that the integral gets its contribution from y 1 ≪ 1,
In Fig. 3 , we show that for the ΛCDM model, the density and velocity contributions decouple in this manner beyond k ∼ 0.2hMpc −1 . The approximation (39) represents an efficient way of evaluating the otherwise computationally expensive the mode coupling integral in this regime.
Nonlinear Perturbations: Kinetic SZ Effect
Nonlinear density fluctuations caught up in a bulk flow from larger scales gives rise to the kinetic SunyaevZel'dovich effect from large-scale structure. It can alternately be thought of as the nonlinear extension of the Vishniac effect. The reason is that in adiabatic CDM cosmologies nonlinearities only affect the density field below the coherence scale of the bulk velocity. Recall that in this limit the Vishniac effect arises from density perturbations caught in a large-scale flow to which it is uncorrelated. Figure 3 illustrates this fact for the fiducial ΛCDM. Notice that even at z = 0, the dark matter density field only deviates substantially from the linear approximation after Peacock & Dodds (1996) scaling approximation and for the baryons under the additional prefiltering ansatz of Gnedin & Hui (1998) . Note that the dilation of scales brings the filtering scale deep into the nonlinear regime.
equation (39) becomes a good description of the Vishniac effect. If we then replace the linear density power spectrum with its nonlinear analogue but leave the contribution from the velocity power spectrum the same, we obtain
with the mode coupling integral I V using equation (34) evaluated under linear theory. This expression has the nice feature that it expresses the total effect: it includes both the Vishniac effect and the kinetic SZ effect from nonlinear structures. The underlying assumption is that the density fluctuations in the nonlinear regime are uncorrelated with the bulk velocity field. Nonlinear evolution in the density field will correlate velocity and density modes if they are both in the nonlinear regime. However, the bulk flow in adiabatic CDM models arises mainly from the linear regime. In the ΛCDM model, half the contributions to v 2 rms comes from scales k < 0.07hMpc −1 and the fluctuations go nonlinear at k ∼ 0.2hMpc −1 . Scoccimarro et al. (1999) found that for the 4-point statistics, nonlinear modes are highly correlated but that the correlation drops rapidly as one pair of the modes enters the linear regime. Decorrelation is even more effective here since the relevant velocity and density modes are oriented perpendicular to each other.
Once the nonlinear power spectrum of the baryonic gas is known, the resultant anisotropies can be calculated with equation (40). This unfortunately requires hydrodynamic simulations in general and ab initio attempts in the literature (e.g. Persi et al. 1995) to simulate the scattering effects have not had the dynamic range to treat the full problem. Let us instead break the problem into two: calculate the effect under the assumption that the gas tracks the dark matter and then estimate where this approximation may break down.
3.2.1. Maximal Effect Under the assumption that the gas density traces the dark matter density into the deeply nonlinear regime the Vishniac effect is significantly enhanced by nonlinearities at ℓ ∼ > 1000 especially in the late reionization scenarios.
Let us first consider the effect under the simple assumption that the gas traces the dark matter to place an upper limit on the magnitude of the effect. The nonlinear dark matter power spectrum has been well-studied with N-body simulations for the full range of adiabatic CDM cosmologies. Hamilton et al. (1991) suggested a useful scaling relation for the correlation function in the nonlinear regime that was generalized to the power spectrum by Peacock & Dodds (1994) . The underlying idea is that nonlinear fluctuations on a scale k arise from linear fluctuations on a larger scale
so that there is a functional relation between the nonlinear and linear power spectra at these two scales
which may be fit to simulations. We take the Peacock & Dodds (1996; eqn. [21]-[27]) form for f NL . The resulting power spectrum for the ΛCDM model are shown in Fig. 4 . Under this assumption, the kinetic SZ effect provides a significant enhancement of the Vishniac effect. As shown in Fig. 5 , the relative contribution is the largest for late reionization scenarios (low z i ) because anisotropies then arise from structure that is well-developed. However one must keep in mind that this is essentially an upper limit to the contributions since the gas pressure will smooth out the gas density below the Jeans scale.
Pressure Cutoff
Gnedin & Hui (1998) examined simple schemes to approximate the effect of gas pressure. One such scheme that has fractional errors on the 10% level for overdensities ∼ < 10 is to filter the density perturbations in the linear regime as ∆
δc and treat the system as collisionless baryonic particles. Their best fit is obtained with the filter Fig. 6 .-Prefiltering the dark matter spectrum. Prefiltering the power spectrum to account for gas pressure as in Fig. 4 cuts off the anisotropies at ℓ ∼ 10 4 for the ΛCDM model. The results of applying the nonlinear scaling relation of equation (42) to the filtered linear power spectrum are shown in Fig. 4 . Notice that the dilation in wavenumber takes the filtering scale deep into the nonlinear regime. The calculations should not be trusted beyond this scale since the nonlinear scaling breaks down for spectra with a sharp cut off; indeed we have taken the local slope of the unfiltered spectrum rather than the filtered spectrum when evaluating the Peacock & Dodds (1996) formulae. Still the result displayed in Fig. 6 imply that the gastraces-CDM assumption is reasonable in the arcminute regime ℓ ∼ < 10 4 . To give a more model-independent quantification of this effect, let us also consider a baryonic power spectrum given by ∆ The results for several values of ∆ F are given in Fig. 7 and show that only if the baryons fail to trace the dark matter out to ∆ F ∼ 10 can nonlinear effects be ignored.
Our analysis shows that the kinetic SZ effect should be an important contributor to small-angle anisotropies. On arcminute scales and above, the assumption that the gas traces the dark matter is reasonable given our current understanding of the thermal history of adiabatic CDM models. The amplitude of the effect at the subarcminute scales will depend on the details of thermal history throughits effect on the clustering of the gas. Observations in this regime may open a new window on the physics of this regime. Isolation of this effect from foregrounds (e.g. radio and infrared point sources) and other secondary anisotropies (e.g. the inhomogeneous reionization signal considered in §6) will be the main obstacle to overcome.
POLARIZATION FROM HOMOGENEOUS SCATTERING
In this section we consider the origin of quadrupole anisotropies and the linear polarization they generate through Thomson scattering in a homogeneous medium. The quadrupole anisotropies fall into three broad classes: the primordial quadrupole from the projection of SachsWolfe temperature anisotropies, the intrinsic quadrupole from scattering ( §4.1), and the kinematic quadrupole from the second order Doppler effect ( §4.2).
Primordial and Intrinsic Quadrupoles
A large-scale temperature inhomogeneity at the recombination epoch (z ∼ 10
3 ) from the Sachs-Wolfe gravitational redshift effect Θ = −Φ/3 becomes a quadrupole anisotropy at low redshifts by simple projection. In other words, the spherical harmonic decomposition of the plane wave fluctuation,
yields a spectrum of anisotropies and in particular a quadrupole anisotropy given by
Here D * = D rec − D and we have assumed that spatial curvature can be neglected at reionization. Curvature corrections may be included by replacing the spherical bessel function j 2 with the hyperspherical bessel function Φ ν 2 (see Appendix).
The logarithmic power spectrum of the quadrupole can therefore be expressed in terms of that of the potential as
where the second line employs equation (7) and again assumes matter domination at D. We show the results of numerically calculating the quadrupole power spectrum from a cosmological Boltzmann code (White & Scott 1996) in Fig. 8 . Note that the spectrum peaks at large scales, corresponding to the horizon at the reionization epoch k ∼ H 0 /D * . On smaller scales, the projection (45) carries the power to higher angular moments. The rms is the integral over the power spectrum
where
For reference, note that Q 2 rms = 5C ΘΘ 2 /4π. For our fiducial ΛCDM model δ H = 4.2 × 10 −5 , (1 + z)G = 1.24, and Γ SW (1) = 1, we obtain Q rms T CMB = 16µK.
There are two effects that modify this result slightly. The first is that the universe may not be completely matter-dominated at the time of scattering. Additional anisotropies are then created as the gravitational potential decays. At high redshifts, the effect of the radiation energy density pushes the quadrupole anisotropy up via the "early" integrated Sachs-Wolfe effect (Hu & Sugiyama 1995) ; correspondingly at low redshifts the effect of the cosmological constant or curvature again pushes the quadrupole up via the "late" integrated Sachs-Wolfe effect (Kofman & Starobinskii 1985) . These effects are clearly visible in Fig. 10 , where we plot the evolution of the rms quadrupole from numerical calculations.
The second effect is that scattering itself can produce quadrupole anisotropies through projection of the Doppler effect and also destroy the primordial quadrupole through isotropization. We call the net effect the contributions of the intrinsic quadrupole. This effect is suppressed both by the assumed optically thin conditions and by the fact that the Doppler effect is cancelled except on scales near the horizon where the velocity itself is small. In Fig. 10 , this effect is barely visible as a blip near the redshift of reionization.
The hallmark of all these effects is that they create only m = 0 type quadrupoles, because they come from (ℓ = 0, m = 0) gravitational potential perturbations and (ℓ = 1, m = 0) potential flows. They therefore generate only Eparity polarization. The polarization from these sources are not slowly varying across a wavelength of the horizonsized perturbations and hence the approximation developed in the Appendix cannot be used to calculate these effects. They are however automatically included in cosmological Boltzmann codes. We show the resulting polarization in Fig. 2 for the ΛCDM model as calculated with CMBFast. As is well known, the secondary polarization from these effects are confined to the lowest ℓ since the quadrupole sources contribute mainly on horizon scales at last scattering.
Kinematic Quadrupole
As pointed out by Sunyaev & Zel'dovich (1980) , in the rest frame of the scatterers, an isotropic CMB gains a quadrupole anisotropy from the quadratic Doppler effect
that induces a polarization in the CMB by Thomson scattering. In real space, the quadrupole moment is simply
in the basis aligned with the velocityê 3 v b (x); in Fourier space with a basisê 3 k , the expression is more involved
where the mode coupling integrals are given by
. (54) Here the angular arguments are and it is useful to define the auxilary quantity
The polarization power spectrum then follows by inserting equation (53) in equation (24). The result for the ΛCDM cosmology is shown in Fig. 9 The rms quadrupole follows simply from the relation 2 m=−2
with a change of variables to k 2 for the integration of the first term
For the ΛCDM model f kin = 0.16. This expression is smaller than the naive expectation implied by real space relation (51) The kinematic quadrupole is not negligible in comparison with the primordial quadrupole for ΛCDM or indeed any model that fits the observations. Large angle anisotropies are observed today at 10 −5 while the velocity field reaches 10 −3 . As shown in Fig. 10 , for ΛCDM it is approximately 1/4 the primordial one in amplitude today. Furthermore, equation (53) implies that it generates comparable power in all 5 m-modes of the quadrupole and hence comparable E and B parity polarization. One might naively assume that the kinematic effect generates as much B-parity polarization as the primordial quadrupole generates E. This would then be an obstacle for detecting gravity waves through the B-parity polarization. There are however two reasons why the polarization is much smaller than implied by these arguments. The first is that the v 2 rms declines as (1+z) −1 in the matter-dominated epoch whereas the primordial quadrupole remains constant. The second is that in the ΛCDM model the coherence of the velocity field is over 2 orders of magnitude smaller than that of the primordial quadrupole and hence generates polarization at ℓ ∼ 400. Recall that the rule of thumb for projected sources is that the angular power spectrum is down by one factor of ℓ from the spatial power spectrum. This produces another order of magnitude suppression of the polarization (see Fig. 9 ). The B-parity polarization generated here is significantly smaller than that generated by gravitational lensing of the primary polarization ). This effect is therefore unlikely to be detectable in ΛCDM models.
It is worth emphasizing that the amplitude of this effect is highly model dependent and scales in power as v 4 rms λ v where λ v is the coherence scale of the velocity field. Upper limits on the B-polarization can therefore constrain the amplitude and coherence of the velocity field. For example consider a velocity field with an rms of ∼ 700km s −1 on the a tophat scale of 150h −1 Mpc is suggested by the data of Lauer & Postman (1994) . If we model that field by the ΛCDM velocity power spectrum but increase the coherence length by a factor of 10 and the rms velocity by 1.55, we boost the polarization power by 1.55 4 × 10 = 58 and angular scale by 10 (ℓ ∼ 40). The power would be even larger in an open universe where the velocity amplitude actually grows substantially with redshift before declining. It is also worth bearing in mind that effects such as these warn against blindly taking even a largeangle detection of B-polarization as a model-independent detection of gravity waves or vorticity.
Finally, note that the correlation between primary and secondary temperature anisotropies and the kinematic polarization is suppressed since it involves the three-point function of the density field and hence vanishes in the linear regime.
DENSITY-MODULATED POLARIZATION
Here we consider the polarization generated from the density-modulation of the quadrupole anisotropies considered in the last section. Again these are separated by the nature of the quadrupole source: the primordial quadrupole §5.1, the kinematic quadrupole §5.2, and the intrinsic quadrupole §5.3.
Primordial Quadrupole
For the modulation of the primordial quadrupole by density fluctuations, we have
Scalar perturbations in linear theory only generate m = 0 quadrupoles in the k 1 -basis, i.e.
where β and α are the polar and azimuthal angles definingn in this basis. One can project this onto the e 3 k basis with the help of the angular addition relation (see Hu & White 1997 eq. [7] ),
such that
Since the quadrupole source Q (0) (k 1 ) peaks on the scale of the horizon whereas the density perturbations rise to small scales in adiabatic CDM models, the correlation decouples
where we have again used the orthogonality of spherical harmonics and Q 2 rms is taken from numerical calculations as in Fig. 10 . Inserting equation (62) into equation (24), we obtain
As shown in Fig. 11 , even for the gas-traces-CDM assumption the polarization generated by this effect in a ΛCDM model is small, much smaller than the polarization generated by lensing (cf. Fig. 2) . The cross correlation between multipole moments of the Vishniac effect and the polarization C ΘE ℓ vanishes when averaged over the sky due to the different angular dependence of the underlying dipole and quadrupole sources. Mathematically, this can be seen in the sources (61) and (28); the orthogonality of the spherical harmonics guarantees that these terms will integrate to zero when summing over the directions of each k-mode.
Note however that there will be a strong correlation between the amplitude of the polarization and the amplitude of the temperature fluctuations and may provide a means of pulling out the signal in models where it is somewhat stronger. Fig. 11 .-Density-modulated polarization in each parity type E = B for the ΛCDM model. Here we assume that the gas traces the dark matter.
Kinematic Quadrupole
The kinematic quadrupole is also modulated by the density field. Its effect is identical to the primordial quadrupole except equation (58) for the kinetic quadrupole is used in equation (63),
where recall that f kin is a small correction due to the directionality of the quadrupole moments. The ratio integrands between the modulated Doppler and cosmic polarizations is 8 45
Since observationally v rms ∼ (1 + z) −1/2 10 −3 and Q rms ∼ 10 −5 , the effect from the primordial quadrupole is typically larger. We show the results for the fiducial ΛCDM model in Fig. 2 .
Intrinsic Quadrupole
The quadrupole anisotropy generated by the Vishniac effect during reionization produces a linear polarization intrinsic to the Vishniac effect. This effect is doubly suppressed by cancellation: both the source of the quadrupole and its polarization contributions along the line of sight cancel when integrating along the line of sight.
The quadrupole moment generated by the Vishniac effect is given by equation (A6)
and thus the power per logarithmic interval The polarization power spectrum becomes
with C EE ℓ = 0 since only m = ±1 contributes to the Vishniac effect. The integrand in this equation is down by a factor of
compared with the temperature anisotropies and is thus highly suppressed at high ℓ ∼ 10 3 from an amplitude that is already reduced by the low optical depth τ ∼ < 10 −1 in the reionized universe. Finally, there is no cross correlation between the temperature and intrinsic polarization since the polarization is purely of B-parity.
PATCHY REIONIZATION
Inhomogeneities in the ionization fraction create a modulated Doppler anisotropies and polarization of the CMB just as inhomogeneities in the density. The techniques used in the calculation of density-modulated effects thus can be carried over to here with little modification.
For the modulated doppler effect, one takes v g of equation (20) to be v b δ X where δ X is the fluctuation in the ionization fraction. Once the power spectrum of this quantity is known, the anisotropies follow directly from equation (17).
Unfortunately, even the crude form of the power spectrum is not known as it requires not only an understanding of the first baryonic objects in the unvierse but also a full three dimensional radiative transfer in an inhomogeneous medium. Thus even though we would expect the ionizing sources to be associated with the peaks in the density field, it may be that the radiation escapes into and ionizes the low density medium where the recombination rates are the lowest (Miralde-Escude et al 1999) . The techniques introduced here are therefore more useful for the inverse problem. If such a signal is detected in the CMB, we will want to use these relations to invert it to uncover the power spectrum of the ionization fraction and hence learn about the manner in which the universe was ionized.
Nevertheless it is useful to have a concrete model to illustrate these effects. Gruzinov & Hu (1998) introduced a toy model in which the universe is reionized in uncorrelated spherical patches of a characteristic size R in a redshift interval ∆z around z i . A distribution in R, like the one considered by Aghanim et al. (1996) , can of course be constructed by superimposing simple sources. It is important to bear in mind that in a more realistic scenario there are likely to be correlations between the ionized regions; Knox et al. (1998) work out the consequences of ionized regions tracing the peaks in the density field. In the simple uncorrelated model, the correlation fuction of the ionization fraction can be modeled as (Gruzinov & Hu 1998) 
where X(D) now is the mean ionization. This form is chosen to have the right asymptotic behavior in time and scaling with R; other forms can be chosen which essentially correspond to a redefinition of the patch size R (e.g. the tophat spheres of Knox et al. 1998) With this ansatz, the logarithmic power spectrum becomes
The angular power spectrum that results is simply that of equation (38) with the density power spectrum replaced with the ionization power spectrum Following Gruzinov & Hu (1998) , we take a mean ionization fraction that grows linearly from zero at D i up to unity by
Assuming reionization occurs promptly (δD i /D i ≪ 1), the other quantities may be taken out of the integral leaving
Likewise, the polarization follows from equation (63)
with Q rms being either the primordial quadrupole of equation (48) or the kinematic quadrupole of equation (58). For adiabatic CDM models, the former typically dominates the latter even more so than for the density-modulated effect. The reason is that one no longer is weighted toward low redshifts and larger velocities by the growth of density perturbations. An example of the temperature and polarization signals for a specific choice of parameters is given in Fig. 12 .
DISCUSSION
We have explored the role of mildly-nonlinear density fluctuations in generating secondary CMB anisotropies and a host of contributions to the secondary polarization. In adiabatic CDM models, the Doppler effect from scattering off nonlinear baryonic clumps in a large-scale bulk flow is a natural extension of the Vishniac effect. In the small scale limit, the Vishniac effect simplifies to the corresponding effect for linear density perturbations. For this class of models, the nonlinear contributions out to overdensities of ∼ 10 are comparable to or greater than the linear contributions, depending on the redshift of reionization. If the gas traces the dark matter to much higher overdensities then upto an order of magnitude increase in the subarcminute anisotropy would result. Likewise smallscale patchiness in the ionization can greatly increase the anisotropy in this regime. Calculations of the clumpiness of the ionized gas are difficult and unreliable even with state-of-the-art numerical simulations. An observational study of subarcminute scale anisotropies therefore offers the opportunity to discover aspects of reionization that are intractable to theoretical analysis today.
The secondary polarization from reionization is, as expected, extremely small in the context of adiabatic CDM models for structure formation and unlikely to inhibit extraction of even subtle effects such as the B-parity polarization from gravitational lensing or gravitational waves. It is worthwhile to note that these mechanisms generically predict comparable power in E and B parity polarization and may be important outside of the adiabatic CDM model context. For example, in a model with a coherent 1500km s −1 velocity field on the 100h −1 Mpc scale the kinematically induced quadrupole generates a B-parity polarization at the 0.1µK level for reasonable optical depths τ ∼ 0.1 − 0.3. Likewise, if the velocity field fell off less rapidly than (1 + z) −1/2 out to redshifts of order 10 or more, then the effect might also be enhanced to this level. In these models, the density and ionization modulation of the scattering produce even larger signals in the arcminute regime that may be observable. Thus even a null detection of B-parity polarization can be interesting. The tools that we have introduced in the text and appendix are quite general and have applications beyond the adiabatic CDM model.
Even in the adiabatic CDM class of models, significant uncertainties remain expecially in the contribution from inhomogeneities in the ionization and the small-scale behavior of the gas. These questions will ultimately be answered by the observations themselves as CMB experiments probe the arcminute regime with higher and higher sensitivity.
APPENDIX GENERALIZING THE LIMBER EQUATION
The Limber (1954) equation describes the two-point statistics of a field which is the two-dimensional projection on the sky of a three-dimensional source field whose statistical properties vary slowly along the line of sight. Kaiser (1992 Kaiser ( , 1998 expressed the result as a relation between the two and three dimensional power spectra of the fields. Hu & White (1996) generalized these flat-sky approximations in an all-sky approach for spatially flat cosmologies.
Here we extend the techniques in three ways. We generalize them to open cosmologies where Fourier analysis on the three-dimensional field is invalid. We allow for an arbitrary angular dependence in the source. Finally, we treat tensor fields on the sky in addition to the usual scalar fields.
Total Angular Momentum Method
A general field X that depends both on position x and direction n at x can be expanded in a complete set of modes denoted s G m j (see Hu et al. 1998) ,
where the spin index s = 0, ±2 for scalar and tensor fields on the sky and (ℓ,m) describe the multipole moments of the local angular dependence. In flat space, these modes are simply the product of plane waves and spin-spherical harmonics (Goldberg et al. 1967) s G 
Let us suppose that the field on the sky X is generated by the line-of-sight integral of another positionally and directionally dependent field S evaluated at a x = Dn X(x, n)= dD S(x, n) , 
where we have used the spherical harmonic decomposition of a plane wave to combine the local and plane-wave angular dependence terms into the total angular dependence as
Limber Formulation
The weak coupling approximation is a generalization of the familiar Limber equation as noted by Jaffe & Kamionkowski (1998) . In the weak coupling approximation, we are left with a power spectrum defined as the integral over wavenumber q in equation (A3). If we change variables to distance D using the projection relation (A12) we obtain
for a source with a single type of angular dependence S 
The approximation in the second line is for ℓ ≫ 1 where contributing modes are well below the curvature scale for reasonable cosmologies (ν ≫ 1). In this same limit, the weights also simplify, (A20) Notice that for the spin-2 case, m = 0, ±2 produces a pure "E"-parity field and m = ±1 produces a pure "B" parity field, in contrast to the tight-coupling (delta function source approximation) where the power ratios between B and E are 0, 6, 8/13 for m = 0, ±1, ±2 (Hu & White 1997) . For a simple source S with no angular dependence (j = 0, m = 0) and a scalar field (s = 0) on the sky, equation (A18) reduces to
which is the Fourier Limber equation as derived by Kaiser (1992; .
